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Abstract

The study of special Finsler spaces has been introduced by M.Matsumoto [4]. The purpose of the present paper is to
study hypersurfaces of special Finsler spaces and also to investigate the various kinds of hypersurfaces of Finsler space

with special (a,[3) metric.
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1. INTRODUCTION

The study of spaces endowed with generalized metrics
was initiated by P. Finsler in1918.The theory of
hypersurfaces in general depends to a large extent on the
study of the behavior of curves in them. The authors G.M.
Brown, Moor, C. Shibata, M. Matsumoto, B.Y. Chen, C.S.
Bagewadi, L.M. Abatangelo, Dragomir and S. Hojo have
studied different properties of subspaces of Finsler, Kahler
and Riemannian spaces. The concept of the (a,f)-metric
L(e,f) was introduced by M. Matsumoto [5] and has been
studied by many authors [1], [2], [12]. The study of some
well known (a,f)-metrics, the Randers metric o+f,the
Kropina metric «*/8 and the generalized Kropina metric
a™3/8™ have greatly contributed to the growth of Finsler
geometry and its applications to theory of relativity.

2. PRELIMINARY NOTES

Let F" = (M"L) be a Finsler space on a differentiable
manifold M endowed with a fundamental function L(x,y).
By a Finsler space, we mean a tripleF" = (M,D,L), where
M denotes n-dimensional differentiable manifold,D is an
open subset of a tangent vector bundle TM endowed with
the differentiable structure induced by the differentiable
structure of the manifold TM and L : D —» R is a
differentiable mapping having the properties

1. L(xy) >0, for (x,y) € D,

2. L(x,A) = |AL(x,y),for any (x,y) € Dand 1 € R

such that (x,Ay) € D,

3. The d-tensor field%ii = %(0‘581‘[‘2), for (x,y) €

D, where ¢;= ay@i , Is non degenerate on D.

We have the following identities (see [1] and [11]):

(a) gij = %azajLZ-gij = (i) 1,0, = 0/(9y")
(b) Cijx = %C‘)kﬂu;cg = %gkﬂl(amgij)' hij = gi; — Lil;

©) Vi = 59" @ik + Dhges — g (1)
(d) G' = 37jy'y*, G = 9,G"

(&) Gy = kG, )Gl = DG,

() Fjx = 39" (6;9rk + 0k9rj — 0rgjk)

(9)  Phijk = u(hi)Cijk/h + ChjrCikir 0,
(h)  Shijk = u(jk){ChkrCijr },

~ Where §;= 6;-G'i¢y, the index 0 means contraction by
y' and the notation ug, denotes the interchange of indices
j,k and substraction. Also, we are devoted to a special
Finsler space F" = (M",L) with a metric
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— 0]
(nt1 A (n-1)) Yi = ayy’,
_ n(n + ]‘3 _ n(n + ]fj n+l 3 ntly/ n+l _ i n+1
Laa_ .@3 = 0= LL (@ 4o B )(a i
a(n‘|‘2) Lo a'ﬂ p= an~l = o 2(n+1)
‘ n(n-l- 13 Tl_l(ﬁn'+l+0§9 _ltf)) n+l)
L _n(n + 13 " G = LL’H - a,j!n !
g = "t ’ B o -+ (@t +ad B
wh q="Llga" = o(2n+1)
ere _ _
12 = Lo Z(Lao: - era 1):
L o 5_L _Lg . a_L L . aLa B Ctﬂ+1-|-(]ﬁ' _lé) n+1 ‘n-(n‘|‘2j n+1 _an+1
a aa‘ F - B ) Hao T aa 7( O£”+2 )( an+2 )
ok . _ 0L
by = g Wiha =5 hij = paij + qObibj + qL(biY]j + bjYi) + q2YiYj (3) Where
N 0 0 . 4)
In the special Finsler space F' = (M",L) the normalized The fundamental tensor ¢, — 19.9.72  and its
Ele;?:gti\gnsw?gg]-h = gL And the angular metric tensor reciprocal tensor gij is givéqr;'jb;[l%(]jz()j
ij :
li = oe1LaYi + Lpbi gij = paij + pobibj + p1(biYj + bjYi) + p2YiYj, (5) Where
n(n + I n—1 Cl’.n+1 —+ ('11[9 _&3 n+1 + (a™ + (n + )2
po — o+ 7 — M " e BADEICEIUES R0
pi=q + L 'ph |
—TZ(T'L -+ 1@ n(anJrl -+ Oﬁ _bgj n+1) + (anJrl _ﬁ nJrl)(an + (’TZ + 1@ n
- a2(n+1) » (6)
P2 = q2 + p°L 2,
((J/.“’+1+(.1‘ﬁ 7‘3 n+1)(ﬁ,(?’l+% n+17(171‘+1)+((1n+17ﬂ 7L+1)2
- 2 2(n+2)
giy = p~ta¥ — Seb'b! — S, (by! + by’ — Say'y, (7)
Where
Pijk = (hijPk + hjkPi + hkiPj)/(n + 1) 9

b = a’b;, So = (ppo + (pop2 — p7) &*)/Cp
S1= (pp1+ (PoP2 PR/, 8
S2= (P2 + (Pop2 —P71)b%)/p, b7 = ayb'b,

C=p(p + pob®+ pa) + (PoP2 —p°1)(ab* %)

3. HYPERSURFACE OF THE SPECIAL FINSLER
SPACES

Now we consider the special Finsler spaces like P-
reducible, quasi-C-reducible, and C-reducible. Then we
prove all these special Finsler space are well-defined in
Finsler hypersurface F"*under some conditions.

Definition 3.1 (see [7]) A Finsler space F" is called a P-
reducible, if the torsion tensor Py is written as

Where
P, =Pl =Ciy

m

Contracting (8) by B, and using h,;= g,s—1.l;, and
h,s = h;jB.s" we obtain

PijkBoyijk = (hijPk + hjkPi + hkiPj)Bapyijk /(n + 1),
PijkBapyijk = (hafPy + hfyPa. + hyaPB)In,

where we set. P, B!, = P, = C /0 Hence we have the
following result.

Theorem 3.2. A hypersurface of a P-reducible Finsler
space is P-reducible.
Next we consider the curvature tensor of F"
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Shijk = ChkrCijr —ChjrCikr .
Contracting above equation by By,s,"*
have

hijk
ShijkB(s(j ~

and using (1), we

” "\ phijk
= (Chier Oy — Crjn Cii ) Bsg ™,
= ChkrCijr Boopyhijk —ChjrCikr Béafyhijk ,

Soafy = Coy0Cap6 —CopaCay6.

Hence S, is the curvature tensor of F" .

Definition 3.3 (see [9]) A Finsler space F" (n >2) is called
a quasi-Creducible, if the torsion tensor Cjj is written as

Cijk = AijCk + AJKCi + AKICj, (10)

whereA;; is a symmetric Finsler tensor field satisfying
A, = Ajy' = 0. Contracting (9) by projection factor B,
we obtain

CijkBapyijk = (AJCK + AJKCi + AKIC])Bapyijk ,
CiiwBg", = A;BY CyBY + Ay B C; Bl + AwB

By using the notations on Finsler hypersurface
(see[3],[8],[11]): We obtain

Cafly = AafCy + AByCo + AyaCp,

where we setting A,; = A;B,;" is a symmetric Finsler
tensor field on hypersurface F"*. Thus we have:

Theorem 3.4 A hypersurface F™' of a quasi-C-reducible
Finsler space F"is quasi-C-reducible.

Suppose we assume that C,= 0, that implies

C;B. =0 (11)

it means that C; is tangential to the hypersurface F"™.
then from (9), we have C,, = O therefore by Deickes
theorem the quasi-C-reducible Finsler hypersurface is
Riemannian, which proves the following:

Theorem 3.5 A quasi-C-reducible Finsler hypersurface
F"! is Riemannian, if the vector C; is tangential to
hypersurface F" .

Definition 3.6 (see [6]) A Finsler space F"(n >2) is said to
be C-reducible, if it satisfies the equation

(n + 1)Cijk = hijCk + hjkCi + hkiCj, (12)

where Ci = gjkCijk

Contracting (11) by B, and using using the notations on
Finsler hyper surface (see [3], [8],[11]): we obtain

nCafly = haffCy + hflyCa + hayCp, (13)
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Where. C,, = C; B!, = § "Cj ., Hence we have:

Theorem 3.7 (see [13]) A hypersurface of a C-reducible
Finsler space is C-reducible.

Using the condition (10) in (12), we state that the
following result:

Theorem 3.8 A hypersurface F* ' of a C-reducible Finsler
space is Riemannian, if the torsion vector C; is tangential
to hypersurface F".

4. HYPERSURFACE F " (C) OF THE SPECIAL
FINSLER SPACE

n+1

a™

Let us consider special Finsler metric 7, — 3 4

with a gradient b;(x) = &b for a scalar function b(x) and a
hypersurface F"™* (c)given by the equation b(x) = ¢
(constant) [14].

From parametric equation X' = x'(u”) of F"* (c), we get
Ob(x(u)) =0=

b,-Bf} , S0 thatb;(x) are regarded as covariant components
of a normal vector field ofF"*(c). Therefore, along the
F" (c) we have

b; B:—} = 0 and b,—y'; =0 (]_4)
The induced metric L(u,v) of F"*(c) is given by
L(u,v) = ag v*¢ Ja5 = ay ;BB (15)

which is a Riemannian metric.
At a point of F"* (c), from (4),(6) and (8), we have

p=190=0,q1 =0,g2=-0-2,p0=1,pl =0—1,p2=0,{=
1,50 =

(16)
0,8;= o 1,S, = —b%a’.
Therefore from (7) we get
- » 1 . . o b2 .
g7 = a' — —(by + biy') + 'y )
Y Y

Thus along F"* (c), (17) and (16) lead to
gijbibj = b2.
Therefore we get i.e. Again from (17) and (18) we get
bi(z(u)) = VBN, B = abb;.

bi(x(u)) = V02N, where b is the length of vector b (18)

v
bi = aijb =b2Ni + b2a—1yi. (19) j
Thus we have
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Theorem 4.1 In the special Finsler hypersurface F*' (c),
the induced Rie-mannian metric is given by (15) and the
scalar function b(x) is given by (18) and (19).
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